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Prediction of Radiative Transfer in Cylindrical Enclosures
with the Finite Volume Method
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and
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This article shows how the finite volume method can be implemented to solve three-dimensional radiation
problems in cylindrical enclosures. The medium is considered to be gray, and absorption, emission, and either
isotropic or nonisotropic scattering are included. For the special case of axisymmetric radiation, a mapping is
described that yields a complete solution by solving the intensity in a single azimuthal direction. The method
is shown to rapidly converge to the solution of the radiation transfer equation as the spatial and directional grid
is refined. Results from the solution of axisymmetric bench mark problems show that the method is stable,
accurate, and computationally efficient.
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Nomenclature
area, m2

direction cosine to surface normal integrated
over a)1 [Eq. (3)]
radiant intensity, W/(m2 sr)
inscattering term at R in direction s [Eqs. (2)
and (8b)]
inscattering term for solid angle col [Eq. (8a)j
blackbody intensity, W/(m2 sr)
intensity at integration point/within co',
W/(m2 sr)
intensity at node P within a)1, W/(m2 sr)
upstream intensity for integration point /
within o)l

9 W/(m2 sr)
absorption coefficient, m"1

number of control volumes in the r and z
directions, respectively
number of discrete angles in polar 6, and
azimuthal </> directions
outward unit normal to a surface
radiant heat flux, W/m2

radiant heat flux vector, W/m2

the intensity source function [Eq. (6)]
position vector
radius in the (x, y ) plane, m
path length, m
unit vector in direction of intensity
temperature, K
volume, m3

directions parallel to the x, y, and z axes
(Fig. 1)
surface emissivity
polar angle measured from the z direction
extinction coefficient [Eq. (6)]
Stefan-Boltzmann const
scattering coefficient, m"1

scattering phase function, Eq. (2)
new variable for phase function, Eq. (8b)
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Subscripts
B
b
/

g
P
r
u
w

Superscripts
*
/
/ ~ , /

azimuthal angle measured from the radial
direction (Fig. 1)
azimuthal angle measured from the x' axis
(Fig- 1)
scattering angle between incident and
scattered directions
solid angle, sr
scattering albedo

boundary
blackbody
integration point / on the surface of a control
volume
association with medium
nodal point P
radial direction
upstream position
boundary

= dummy variable or a nondimensional quantity
= association with solid angle a>1

= boundaries of solid angle a)1

Introduction

A XISYMMETRIC radiative transfer in cylindrical enclo-
sures has been studied by a substantial number of re-

searchers, and almost every radiation model has been applied
to this type of problem [e.g., Monte Carlo method (Perlmutter
and Howell1), flux method (Lowes et al.2), zone method
(Steward and Tennankora3), discrete ordinates method
(Fiveland4), Galerkin finite element method (Fernandes and
Francis5), and spherical harmonic method (Mengiig and
Viskanta6)]. As an additional small sample of the extensive
recent literature on this problem, the reader may consult Ja-
maluddin and Smith,7 Yucel and Williams,8 and Carvalho et
al.9 There is such widespread interest in axisymmetric radia-
tion because it allows the performance of radiation models to
be assessed on simple problems, and because radiation in
boilers, furnaces, and combustors can sometimes be modeled
as axisymmetric.

From recent reviews by Howell10 and Viskanta and Men-
giic.,11 it is evident that no single radiation model can be re-
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garded as the best for all problems. In the context of modeling
reacting flows, the flux methods are often adopted because
of their compatibility with the numerical algorithms used for
solving the fluid dynamics equations. The spherical harmonics
(P3) method and the discrete ordinates (SN) method are gen-
erally more accurate than the simple four or six flux models,
but they too have shortcomings.6'12 The need for better models
still exists.

Raithby and Chui13 recently proposed a finite volume method
(FVM) that shares the same philosophy and grid as the finite
volume techniques currently used in predicting fluid flow and
convective heat transfer. In this method the computational
domain is subdivided into discrete (finite) volumes, and di-
rection is subdivided into discrete solid angles. The radiation
transfer equation (RTE) integrated over both a discrete vol-
ume and solid angle serves as the starting point.

Although this method has many similarities to the discrete
ordinates method, it does not use the quadrature that gives
rise to the discrete ordinates. The discrete ordinates method
is also usually applied by approximating derivatives in the
RTE by finite differences, although Fiveland14 recently started
from volume-integrated equation. By starting with the inte-
gral of the RTE over both discrete angles and volumes, the
FVM avoids "ray effects"15 by guaranteeing exact global con-
servation of radiant energy. Total inscattering is also exactly
balanced by total outscattering for each finite volume for any
phase function. Whereas the discrete ordinates method has,
to the authors' knowledge, only been applied on Cartesian
and circular-cylinder computational grids, the FVM was de-
signed for use on virtually any of the grid types that are
currently used to compute fluid flow.

There are, of course, many ways to implement a FVM.
The particular implementation of the FVM used by Raithby
and Chui13 exactly captured the diffusion limit for strongly
participating media, and reduced nonphysical "wiggles" in
the solution, by use of a special discretization approximation.
Although somewhat algebraically complex, this variant was
shown to be stable, accurate, and computationally efficient
for rectangular enclosures.

In this article a particular implementation of the general
FVM is described that applies to spatially three-dimensional
radiation problems on a circular-cylinder mesh. The medium
may be absorbing, emitting, and isotropically or anisotropi-
cally scattering. This method is applied to axisymmetric prob-
lems involving cylindrical enclosures of finite length. The con-
tributions of this article include 1) a new discretization scheme
for three-dimensional problems; 2) a less restrictive treatment
of scattering than previous methods; 3) a mapping that sim-
plifies the solution of axisymmetric problems; and 4) a dem-
onstration of performance of the method for axisymmetric
problems. The gray gas approximation is implicitly used
throughout the present article.

It may be helpful to explain why a general three-dimen-
sional model is described in a paper where the focus is on
axisymmetric problems. The main reason is that it is simpler
to draw the diagrams and explain the method for the general
three-dimensional case, and all the material presented is needed
for the axisymmetric problem. The second reason is that the
three-dimensional model applies to any problem for which
the mesh is orthogonal, so may be itself of interest. Results
for the general three-dimensional model have not been pro-
vided to avoid diffusing the focus of this article.

Governing Equation
The basis for quantitative studies of radiative heat transfer

is the RTE. For a gray medium, the RTE has the form (see
Siegel and Howell16)

Fig. 1 Cylindrical coordinates for the equation of radiative transfer.

This equation describes the increase in radiant intensity /(/?,
s) at spatial location R over the path length ds in the direction
of unit vector s, as shown in Fig. 1. The first and third terms
on the right side of Eq. (1) represent the effects of absorption
and emission, respectively. "Outscattering," term two, re-
duces the intensity in the s direction, while "inscattering,"
term four, redirects energy from other directions into the s
direction. The inscattering term is defined by

47T
i d o > ' (2)

where the fraction of the intensity I(R, s') in direction s' that
is scattered into direction s' is defined by the phase function
3>(s, s').

Finite Volume Solution of the RTE

Discrete Energy Balance
Equation (1) expresses the conservation of radiant energy

in direction s over an infinitesimal control volume and within
an infinitesimal solid angle. The FVM yields an approximate
(discrete) solution to this equation which converges to the
solution of Eq. (1) as the computational grid is refined.

To implement the method, the computational domain is
divided into volumes by a computational mesh. Figures 2a
and 2b show a typical subdivision for a cylindrical enclosure.
Furthermore, direction is subdivided into discrete solid angles
col with each one defined by a particular range of angles 6
and (/> in Fig. 1. The intensity within the volume centered at
P and within ajl is represented by a single value I1

P. The
equation for I1

P is the RTE integrated over the volume VP
and over a)1.

The control volume centered at P in Fig. 2 is redrawn in
Fig. 3a. The "integration points"/ = 1, 2, . . . , 6 lie on the
volume faces, at the intersection of the coordinate surfaces
that pass through the nodes. The radiant energy Q}, which
lies within a>1 and that crosses face/of area Af9 is approximated
by

Q'f = s • nf da) — Il
fAfDl

f (3)

ds = -(Ka + <r,)I(R, s) + KaIb(R) + <r,I(R, s)
(1)

where /} and nf (the unit surface normal) at point / are used
to approximate their values across the control volume surface
Af. Dl

f is evaluated analytically.
Integration of the RTE over VP and CDI (see Raithby and

Chui13) results in the conservation constraint so that the net
radiant flux leaving through the surfaces of VP within a)1 equals
the net "generation" of radiant energy within VP and to1 by
emission, absorption, inscattering, and outscattering. Ap-
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Fig. 2 Schematic of a cylindrical enclosure with a three-dimensional
computational grid: a) top view; b) side view; c) typical discrete solid
angle.

7=1

a) b)
Fig. 3 Typical control volume in a cylindrical enclosure with P located
at the center: a) area Af and intensity 7} on one discrete surface panel
and integration points / = 1, 2, 3, and b) molecule of nodal points
adjacent to node P.

proximating the generation term using nodal-point values of
intensity, this conservation balance becomes

_6_ 6

G i — V 77 A n/
f - 2, LfAfVf

/=!

= [Ka>PIb,P - (Ka>P + <r,tP)I'P (4)

For this to be a useful equation for VP, the integration point
values Il

f must be related to nodal point values of I1. This is
discussed in the next section.

Evaluation of /}
If the intensity Iuf at some point uf that lies distance S

"upstream" of / along the direction sl (see Fig. 3a) were
known, the RTE could be integrated to relate 7} to Il

uf. The
actual value of 7} would depend on the processes affecting
the radiation as it passes from uf to /. Representing these
processes by a two-term Taylor series expansion about point

/, Raithby and Chui13 showed that

7} - Il
ufe~Kfs + Rl

f(l - e~K>s)

(5)

where the extinction coefficient K and variable Rl are defined
as

= jr (6)

Retention of the last term in Eq. (5) is crucial if the FVM
is to reduce exactly to the diffusion model of radiation for
large K.

In providing an equation for 7}, Eq. (5) introduces the new
unknowns Il

uf, 7?} and the directional derivative (dRl/dsl)f. A
method of evaluating Il

uf is now introduced.
The control volume in Fig. 3a is a perspective view of the

control volume centred at P in Fig. 2, for which five of the
27 neighbor nodes are A, B, C, D, and E. The location of
the integration point / = 1 in Figs. 2b and 3a, as well as
several nodes, are shown in Fig. 3b. It is important to note
that the surface A-B-C-P in Fig. 3b is not a control-volume
surface, but is rather a surface of constant z that passes through
the nodes. The point/ = 1 lies on the control volume surface.
The dashed line that passes through the point / = 1 in Fig.
3b lies in the direction of sl, and intersects the surface A-B-
C-P at point M!. The value of Il

ul is approximated from the
surrounding nodal point values of I1 (i.e., 7p, I1

A, I1
B, 77

C) using
bilinear interpolation,17 which requires use of a local /3, y
coordinate system where y = ± 1 and )3 = ± 1 on the bound-
aries shown in Fig. 3b.

For some directions, for example (s7)* in Fig. 3b, the up-
stream intersection ul* falls on the extension of the plane
A-B-G-F, so the above prescription must be modified if the
computational molecule is to be kept simple. For this case,
77

Ml* is replaced by Il
ul**9 where wl** is the projection along

the z axis, onto the A-B-C-P plane, and where its value is
found by linear interpolation.

A similar strategy is followed for other solid angles co1 and
for other integration points (/ = 2, 3, . . . ,6). The general
rule for locating I'uf for any control volume P is that no in-
terpolation should be done using nodes that lie "downstream"
of P. This practice yields an algebraic equation for Il

p that
(except for boundary conditions and inscattering) involves
only nodes upstream of P, so the solution for 71

P can be marched
from the upstream boundary to the downstream boundary of
the computational domain. The price paid for the simplicity
and convenience of such a scheme is loss of accuracy. For
points like ul in Fig. 3b that lie on an upstream plane, the
bilinear interpolation for Il

ul is second-order accurate with
spatial grid refinement, while approximating 77

Ml* by Il
ul** re-

sults in a first-order accurate estimate. Since the resulting
radiant energy transfer (summed over all /) involves some
first and some second-order approximations, the discretiza-
tion error in the heat transfer prediction is expected to reduce
with refinement of the spatial grid at a rate between first and
second order.

Final Form of Governing Equation
Replacing each 7} values in Eq. (4) by Eq. (5), in which

Il
uf is found by the method just described, and where both

Rl
f and (dRl

f/ds)f are assumed known (see following section),
the following equation for VP results:

a'BI'B + al
cVc n1 TlaDl D

al
EVE al

FIl
F 'GIl

G b'P (7)



608 CHUI, RAITHBY, AND HUGHES: TRANSFER IN CYLINDRICAL ENCLOSURES

This equation is valid for those sl directions (shown in Fig.
3b) where the nodes included all lie upstream of P, and where
all other terms have been lumped into bl

p.

Evaluation of R\ and (dR'/ds1),

Completion of the model requires evaluation of Rl
f and its

directional derivative, along sl, for each integration point/.
Rl

f values within the medium and on the boundary were simply
found by interpolation and extrapolation, respectively, using
values of Rl stored at nodes. The directional derivative at
each/has three components, one along each coordinate di-
rection. In the present implementation of the FVM, only the
component normal to the surface was retained. This was done
to simplify the algebra, and in recognition that neither the
formal accuracy of the method nor its ability to capture the
diffuse limit is affected. The directional derivative term was
therefore estimated from the nodal point values straddling
the face from a central difference approximation. The values
of Rl

f and its directional derivative are therefore easily ex-
pressed in terms of nodal values like R1

P.
To calculate the nodal values of Rl

p by Eq. (6) requires that
Ibp and Ip be known. IbtP follows immediately from the tem-
perature at P. To evaluate I1

P from Eq. (2) requires accounting
for inscattering from all directions s' towards s. Because a>1

is the solid angle centered on s7, and I(s) is taken as constant
over a)1 and equal to I1, so too is co1' centered on s1', and I(s')
is constant over a)1' and equal to 77 . Carrying out the 4?r
integration indicated in Eq. (2) to obtain /(s), then carry-
ing out the integration of this I(s) over a)1 to obtain 77, ~VP is
given by

(8a)

where the summation includes all solid angles, and where

<t(to7', a)1) = —. I <£($', s) dto' dto (8b)
to7 Ja>l Jo>/'

The phase function <l>(s', 5) is given by some model, so <l>(to7',
w7) is obtained by analytical or numerical integration. For
precise conservation of scattered energy, it is important that
this integration be accurately performed.

Usually scattering calculations assume that the phase func-
tion depends only on the angle $ between s' and s and not
on the absolute incident (s') and scattering (s) directions.
Through Eq. (8b), the present FVM easily accommodates <t>
distributions that depend on absolute directions, and this per-
mits relatively easy radiant calculations in matrices, such as
insulation or foamed ceramics.

Boundary Conditions
In this analysis all boundaries are assumed diffuse-gray. For

a surface at temperature TB the boundary condition for the
surface intensity, 7B, radiating into the medium, is

IB = (1 - Q'S + ssABo-Ti 1-L
J trA-o

(9)

The first term on the right side of Eq. (9) is the reflected
component, where the summation is overall incoming radia-
tion. The second term arises from surface emission.

Explicit Solution Procedure
The simplest solution procedure is to start with a guessed

intensity field (for each location and direction), evaluate Rl,
form and solve an equation such as Eq. (7) for each direction,
and for each node, and use this updated intensity field as the
starting point of a new iteration. This procedure converges
quickly when the medium is weakly participating. Details are

provided after the model is specialized to apply to axisym-
metric problems.

Axisymmetric Radiation
Attention is now turned to reducing the general three-di-

mensional model just presented to axisymmetric problems.
This is not a simple task until a mapping is understood. This
section first describes the mapping, and then presents the
details of how the three-dimensional model is applied.

Governing Equation
In circular cylinder coordinates (Fig. 1), the radiation in-

tensity /depends on position R(r, cp0, z) and direction s(6,
$). The RTE, Eq. (1) in these coordinates becomes (see
Pomraning18)

= -(Ka + crs)I(r, <p0, z, 0, 0) + Kalb(r, 9o, z)

4- —~ I 7(r, 9o? z-9 0', <^')4>(0/, </>', 0, (/>) dto' (10)

where /x, 17, and £ are direction cosines defined as

/x = sin 0 cos 0, 77 = sin 0 sin c/>, £ = cos 0 (11)

and from Fig. 1, <|> = cpr — <p0.
If axisymmetry exists, the intensity distribution becomes,

by definition, invariant with cp0 so that the RTE for the axi-
symmetry intensity 7(r, z, 0, 0) reduces to

', — + £ — - - — /(r, z, 0, <£) = - (^a + o-J

• 7(r, z, 0, </>) + ^7^(r, z) + <rj(r, z, 0, ^>) (12)

where

<r fcrI(r z 0 <b) = ~~~ I 7(r, z, 0', <6')4)(0, </>, 0', </>') dto'
477 J 477 , ,

Mapping for Solution of Axisymmetric Problems
Axisymmetric radiant heat transfer occurs when the inten-

sity is independent of <p0, and is therefore completely specified
by r, z, 0, and <£, as just discussed. The intensities shown in
Fig. 4a all have the same values of r, z, and 0. The angle Acp0
between all numbered points is 77/4. The points 1, 2, 3, ...
are located at cp0 = 777/8, 577/8, 377/8, . . . respectively, and
the angle cpr is zero for each intensity. The angles $ = yr -
cp0 for the intensities 7}, l\, 7^, ... are therefore, -777/8,
-577/8, -377/8 . . . .

Fig. 4 Part a) shows the intensities in direction <pr = 0 at eight
locations equidistant from the axis of the cylinder. The angular dis-
tribution of the intensity field at location one appears in b).
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In Fig. 4b the intensities all have the same values of r, z,
and 6 as in Fig. 4a, but are now all located at <p0 = 777/8, with
<pr - 0, 77/4, 77/2, . . . for the intensities /}, /?, / ? , . . . . The
<f> — <pr - 90 angles are therefore -777/8, -577/8, -377/8,
. . . , respectively. It follows that the values of r, z, 0, and </>
are the same for 1} in Fig. 4a and I{ in Fig. 4b, / = 1, 2, 3,
. . . 8, and (since /% z, 0, and </> completely specify the intensity
when axisymmetry prevails) therefore, Ij = I{. A simple
mapping therefore exists between the intensities in Figs. 4a
and 4b; in calculating intensities it will often be easier to
compute the intensities depicted in Fig. 4a.

For the integral equations for the intensities in Figs. 4a and
4b to be exactly the same, the Acp0 spacing between nodes in
Fig. 4a should be uniform and equal to the Acpr spacing be-
tween the intensity directions in Fig. 4b, and the discrete solid
angle <ol used when the FVM is applied to Fig. 4a should
extend from -Acp/2 to +Acpr/2 (see Fig. 2c). Carlson and
Lathrop19 introduced an artifice into their discrete ordinates
method in order to avoid difficulties (lack of conservation and
unphysical directional coupling) that arose from the third term
on the left side of Eq. (12); when the FVM is applied to
obtain the intensities in Fig. 4a, these problems are totally
avoided.

It will be immediately recognized that the mapping just
presented can be used for any number of intensity compo-
nents. Furthermore the intensity distribution will usually be
symmetric as well [in Fig. 4a /(r, <p0, z, 6, cpr '= 0) = 7(r,
— cp0, z, 9, <pr = 0)] so that only the intensities for y > 0 need
be calculated.

Solution Procedure
To solve an axisymmetric radiation problem in the cylinder

in Fig. 2, the last section showed that it is sufficient to solve
for the intensity component /(r, 90, z, 0, <pr = 0). The spatial
control volume P is bounded by rp +, rp_, 90,p+ > <Po,p- > ZP+ >
zp_. The discrete solid angle covers the range shown in Fig.
2c (0'~ to 6l+ and -A<pr/2 to +A(pr/2, where A9r = Acp0 =
9o,p+ ~ 9o,p-)- Following the discretization procedure out-
lined earlier, an algebraic equation is written for the intensity
in each direction / at each node. Each nodal intensity depends
only on upstream nodal intensities.

For 0 < 77/2 the solution is marched from the outer wall to
the center of segment 1 in Fig. 2a for each z level beginning
at the bottom and ending at the top (maximum z). The bound-
ary condition along the symmetry surface (y = 0 in Fig. 2a)
is Ql = 0, because the computed intensities transport no heat
across this surface. The solution in the adjacent segment is
likewise found, and the process is repeated for all segments
in the quadrant I [(77/2) < <p0 < 77]. The solution in quadrant
II is similar except the sweep is from the center towards the
outer wall in order to keep the marching direction the same
as sl. When all nodal values have been updated, a new solution
for intensity has been created for one angle 6l. The process
is repeated for each 0', being careful to reverse the sweep
direction in the z direction for 0 > 77/2.

The nodal intensities just obtained constitute the desired
solution if the enclosure walls are black, the medium tem-
perature is known, and there is no scattering. Otherwise these
intensities are used to update the radiant flux leaving the wall,
the medium temperature, and the scattering. The solution for
updated intensities is embedded in an outer iteration loop
that is repeated until the solution converges.

Methods of updating these variables are described by Raithby
and Chui.13 In the present study the medium temperature is
assumed known. The gray-wall boundary conditions and the
intensities used in the inscattering calculation were updated
at the end of each outer loop.

Results
To evaluate the performance of the FVM it is desirable to

compare its predictions to exact results and the predictions

of earlier models. Most of the results presented here are there-
fore for "clean," benchmark-type, problems.

Comparisons with Exact Solutions

Enclosure with an Absorbing-Emitting Medium
The first test case involves a cylindrical enclosure (see Fig.

5) containing an absorbing-emitting but nonscattering me-
dium at constant temperature (TM = 100 K). It has a height
of zc = 2 m and radius rc = 1 m. The walls are assumed cold
(Tw = 0) and black (ew = 1). The objective is to compare
the FVM prediction of the total radiant heat transfer on the
radial wall qr with an exact solution obtained as follows.

In the absence of scattering the intensity at any location
within the cylinder is, from the following solution to Eq. (1)

I(r, z, 0, 0) = 4(1 - (14)

where S is the distance upstream to the vessel wall along the
ray defined by (0, </>), and Ib = (o-T4

M)/7r is the black body
intensity of the homogeneous medium. To obtain the "exact"
radiant flux qr, emitted from the gas and falling on the radial
wall, the heat flux at each point on the wall was obtained by
numerically integrating I(s-n) over all incident solid angles.
The dimensionless radiant flux q* = qrlaT4

M, from the middle
of the cylinder side to the end, is shown in Fig. 5 as solid lines
for three optical thicknesses (K* = Karc = 0.1, 1.0, 5.0).

The finite volume solution to this problem at discrete lo-
cations along the cylinder side is also plotted in Fig. 5. The
prediction was based on a moderately fine grid: 16 control
volumes in the r direction (Nr = 16), 30 in the z direction
(Nz = 30), 12 polar angles (Ne = 12), and 16 azimuthal angles
(Nj = 16); an error of less than 0.2% was obtained for all
three optical thicknesses. This accuracy of the FVM is some-
what better than that of the spherical harmonic (P3) method
by Menguc, and Viskanta,6 also shown in Fig. 5 (as dashed
lines); their prediction is based on a grid Nr x Nz = 21 x
41.

The same test problem was used to study the reduction in
the discretization error with grid refinement for the present
method. Figure 6 displays the error curves for the prediction
of the dimensionless total radiant flux <2* = (JJ = 0 g* dz)
for K* = 5. These curves are generated by varying the com-
ponents of the spatial and angular grids (i.e., Nr, Nz, Nd, A^)
one at a time from the mesh Nr = 16, Nz = 30, Nd = 12,
N^ - 16 that gives the almost exact total flux (error ~ 0.003%).
The discretization error is seen to decrease quadratically with

0.0
1.0 1.2 1.81.4 1.6

z ( m )
Fig. 5 Nondimensional radiant heat transfer on the side wall of a
cylindrical enclosure containing an absorbing emitting, but nonscat-
tering, gas at uniform temperature TM with zero wall temperature for
three optical thicknesses K* = Karc - 0.1, 1.0, 5.0.
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Fig. 6 Reduction in the error of total radiant heat transfer to the
side of the cylindrical enclosure with spatial refinement (left side) and
angle refinement (right side).

the angular refinement (i.e., increased Ne and A^). The error
reduction with the refinement of the spatial grid is somewhere
between linear and quadratic, as previously anticipated. Typ-
ically the fine grid solutions (error < 0.01%) required a CPU
time of 450 s on a VAX 11-785 machine, while coarser grid
solutions (error — 1%), required about 80 s.

Enclosures with Absorbing-Isotropically Scattering Media
The second benchmark case involves a finite cylindrical

enclosure with cold black walls subject to a diffuse radiant
emission in from the top circular wall. The enclosed medium
is assumed to be homogeneous, absorbing, isotropically scat-
tering, but nonemitting. The analytical formulation for this
problem, was presented by Crosbie and Farrell,20 and exact
solutions at six specific test conditions have been made avail-
able by Crosbie.21 The six test conditions included enclosures
of three different sizes with various magnitudes of scattering
and absorption coefficients. The accuracy of the FVM has
been checked by making comparisons to these solutions for
the case cr$ = Ka and with (<crs + Ka)rc = 1 and 5.

Space limitations do not permit a graphical presentation of
comparisons (see Chui22). For a cavity radius to height ratio
of 5, the heat fluxes on all surfaces were predicted to within
5% for a coarse mesh (Nr = 6, Nz = 4, Ne = 8, A^ = 4);
the CPU time was about 10 s on a VAX 11-785. Doubling
the grid size sharply reduced the error and increased CPU
time by a factor of 15.

Similar results were found for other cavity aspect ratios.
For a tall thin cylinder (radius to height of 0.1) the finite
volume results on a coarse mesh (Nr = 4, nz = 12, Ne = 6,
NQ = 4) were distinctly better than for the P3 method.6

Anisotropic Scattering
The FVM was again applied to a cylindrical geometry (see

Fig. 7), but anisotropic scattering was included. The cylinder
has height z0 = 1m, radius r0 = 0.4 m, and emits diffuse
radiation from the top surface at a uniform rate qin. The walls
are cold and black, the medium is cold (nonemitting), and
(in all but the baseline case) absorbs Ka = 0.5 m^1 and scatters
ors = 5 m"1 anisotropically in accordance with the delta-Ed-
dington phase function (Joseph and Wiscombe23; Crosbie and
Davidson24)

= 2/5(1 - cos i/O + (1 - /)(! + 3g cos (15)

where $ is the angle between the incident and scattered di-
rections. The first term on the right side contains the delta
function; / governs the amount of forward scattering, g gov-
erns the degree of asymmetry about $ - ± 77/2, and there is
symmetry about i// = 0. The computational grid used was (Nr
x Nz) = (6 x 12) and (N+ x Ne) = (16 x 12). Predictions
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Fig. 7 Nondimensional radiant heat transfer on the radial wall of a
cylindrical enclosure with a diffuse radiant flux q-m on the top wall for
a scattering medium. The base case 1 has no scattering crs = 0, Ka =
0.5 m"1. Cases 2-5 incorporate four different scattering phase func-
tions, all with crs = 5 m'1 and Ka = 0.5 m"1.
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Fig. 8 Comparison of local radiant fluxes at the side wall of a cylin-
drical furnace obtained from the finite volume method, P3 approxi-
mation (Mengus et al.6), and S4 method (Fiveland4) with experimental
data (Wu et al.25).

of the nondimensional heat flux distribution on the side wall
(Fig. 7) are shown for five different scattering conditions. The
baseline case of no scattering (square symbols), as = 0, Ka
= 0.5 m"1 results in a high heat load, for z > 0.1 m, on the
radial surface. The other limiting case is isotropic scattering,
as - 5m"1 , Ka = 0.5m"1 which results in minimum net
heat transfer on the radial surface for z > 0.1 m. As / is
increased from 0.1 to 0.999, the amount of forward scattering
increases, increasing the amount of radiation that reaches the
lower regions of the cavity. For/ = 0.999, g = 0.0, nearly
all scattering is forward so the nonscattering baseline case
should be recovered; the FVM captures the expected behav-
ior extremely closely to the side wall (Fig. 7) and top and
bottom walls (not shown). For/ = 0.1 and low asymmetry
(g = 0.25) the predictions lie, as they should, close to the
isotropic limit.

It can be concluded that the model predictions in this test
follow correct trends.
Comparison with Measured Furnace Data

The last test involves the application of the method to pre-
dict the radiative heat transfer in an International Flame Re-
search Foundation test furnace (see Fig. 8). Experimental
radiant flux data along the lateral side of the cylindrical fur-
nace and the temperature of the medium have been obtained
by Wu and Fricker.25 The objective is to predict the net radiant
heat transfer in the radial direction qr on the furnace side
wall, given the measured temperature data.

The spherical harmonic (P3) method has been applied to
this problem by Mengiic, and Viskanta6 and the discrete or-
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dinate method by Fiveland,4 both using Ka = 0.3 mr1 and as
= 0, and their results are also shown in Fig. 8. Using the
same temperature data, similar grid (Nr x Nz) x (Ne x A^)
= (3 x 17) x (8 x 12), and identical Ka and as, the FVM
yielded the results shown for comparison on this figure. It is
tempting to claim that the present results are slightly better
than those from the other models, but the accuracy of the
prediction depends on the values of Ka and as used, and their
correct values are not known (nor are they constant). Suffice
it to claim that the FVM is able to reproduce a physically
reasonable radiant flux distribution that follows the trend of
the measured data, peaking between z = 1 to 1.5 m.

Summary
Application of the finite volume method has been described

for problems in which radiant intensity varies over three space
dimensions and two angles. In this application consideration
has been restricted to cases with circular-cylinder computa-
tional meshes. A special discretization was used that slightly
sacrificed accuracy to gain simplicity and economy in solving
the radiation transfer equation. The proposed formulation can
potentially incorporate any scattering phase function.

It has also been shown that, when the radiation problem
is axisymmetric, a special mapping can be used to transform
the dependence of intensity on two space coordinates and two
angles, to three space coordinates and one angle. In this anal-
ysis the general finite volume method has been specialized to
apply to such problems.

Predictions for several axisymmetric benchmark problems
and one furnace problem show that the present method is
quite accurate for coarse grids, that the error decreases rapidly
as the grid is refined, and that the solutions are inexpensively
obtained.
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